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Abstract
Let A be a unital normed algebra and letM be a unitary Banach left A-module. If f :A→M is an approximate module left
derivation, then f : A→M is a module left derivation. Moreover, if M = A is a semiprime unital Banach algebra and f (tx)
is continuous in t ∈ R for each fixed x in A, then every approximately linear left derivation f : A→ A is a linear derivation
which maps A into the intersection of its center Z(A) and its Jacobson radical rad(A). In particular, if A is semisimple, then f is
identically zero.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
LetA be an algebra over the real or complex field F andM a leftA-module (respectivelyA-bimodule). An additive
map δ :A→M is said to be a module left derivation (respectively module derivation) if δ(xy) = x · δ(y) + y · δ(x)
(respectively δ(xy) = x ·δ(y)+δ(x) ·y) holds for all x, y ∈A where · denotes the module multiplication onM. Since
A is a left A-module (respectively A-bimodule) with the product of A giving the module multiplication (respectively
two module multiplications), the module left derivation (respectively module derivation) δ :A→A is said to be a ring
left derivation (respectively ring derivation) on A. Furthermore, if the identity δ(kx) = kδ(x) holds for all k ∈ F and
all x ∈A, then δ is a linear left derivation (respectively linear derivation).
Let us introduce the background of our investigation. In 1955, I.M. Singer and J. Wermer [36] obtained a funda-
mental result which started investigation into the ranges of linear derivations on Banach algebras. The result, which is
called the Singer–Wermer theorem, states that every bounded linear derivation (or equivalently, linear left derivation)
on a commutative Banach algebra maps into the Jacobson radical. In the same paper they conjectured that the assump-
tion of boundedness is not necessary. This is called the Singer–Wermer conjecture. In 1988 M.P. Thomas [37] proved
the conjecture. Obviously, the Singer–Wermer conjecture implies that every (or equivalently, linear left derivation)
linear derivation on a commutative semisimple Banach algebra is identically zero which is the result of B.E. John-
son [13]. On the other hand, O. Hatori and J. Wada [8] prove that a zero operator is the only ring derivation on
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from the above result of B.E. Johnson [13].
Recently, T. Miura et al. [17] considered the stability of ring derivations on Banach algebras: Under suitable con-
ditions, every approximate ring derivation f on a Banach algebra A is an exact ring derivation. In particular, if A is
a commutative semisimple Banach algebra with the maximal ideal space without isolated points, then f is identically
zero. The first stability result concerning derivations between operator algebras was obtained by P. Šemrl [34].
The study of stability problems as just mentioned originated from a famous talk given by S.M. Ulam [38] in 1940:
Under what condition does there exists a homomorphism near an approximate homomorphism? In the next year 1941,
D.H. Hyers [9] was answered affirmatively the question of Ulam for Banach spaces, which states that if δ > 0 and
f :X → Y is a map with X a normed space, Y a Banach space such that
∥∥f (x + y) − f (x) − f (y)∥∥ δ
for all x, y ∈X , then there exists a unique additive map T :X → Y such that
∥∥f (x) − T (x)∥∥ δ
for all x ∈ X . This stability phenomenon is called the Hyers–Ulam stability of the additive functional equation
h(x + y) = h(x) + h(y).
A generalized version of the theorem of Hyers for approximate additive maps was given by T. Aoki [1] in 1950.
In 1978, Th.M. Rassias [27] independently introduced the unbounded Cauchy difference and was the first to prove the
stability of the linear mapping between Banach spaces. If there exist θ  0 and 0 p < 1 such that
∥∥f (x + y) − f (x) − f (y)∥∥ θ(‖x‖p + ‖y‖p)
for all x, y ∈X , then there exist a unique additive map T :X → Y such that
∥∥f (x) − T (x)∥∥ 2θ
2 − 2p ‖x‖
p
for all x ∈ X . Moreover, if f (tx) is continuous in t ∈ R for each fixed x in X , where R denotes the set of the real
numbers, then T is linear. Due to this fact, many mathematicians say that the additive functional equation f (x + y) =
f (x) + f (y) has the Hyers–Ulam–Rassias stability property. Since then, a great deal of work has been done by
a number of authors [4,6,10–12,14–16,18,22–26,28–32]. In 1991, Z. Gajda [5] answered the question for the case
p > 1, which was raised by Rassias. Gajda [5] also gave an example that the Rassias’ stability result is not valid for
p = 1.
On the other hand, J.M. Rassias (see [19–21]) generalized the Hyers’ stability result by presenting a weaker con-
dition controlled by (or involving) a product of different powers of norms (from the right-hand side of assumed
conditions). That is, assume that there exist constants θ  0 and p1,p2 ∈ R such that p = p1 + p2 = 1, and
f :X → Y is a map with X a normed space, Y a Banach space such that the inequality
∥∥f (x + y) − f (x) − f (y)∥∥ θ‖x‖p1‖y‖p2
holds for all x, y ∈X , then there exist a unique additive map T :X → Y such that
∥∥f (x) − T (x)∥∥ θ|2 − 2p| ‖x‖
p
for all x ∈ X . If, in addition, f (tx) is continuous in t ∈ R for each fixed x in X , where R denotes the set of the
real numbers, then T is linear. A counter-example for a singular case of this result was given by P. Gaˇvrut¸aˇ [7]. The
above-mentioned stability involving a product of different powers of norms is called Ulam–Gaˇvrut¸aˇ–Rassias stability
by some authors [2,33,35].
In view of the Thomas’ result [37], derivations on Banach algebras now belongs to the non-commutative setting.
Among various non-commutative versions of the Singer–Wermer theorem, Brešar and Vukman proved the following
[3, Theorem 2.1]: every continuous linear left derivation on a Banach algebra A maps A into its Jacobson radical.
Also they [3, Proposition 1.6] proved that every left ring derivation on a semiprime ring is a ring derivation which
maps into its center.
In this paper, we will deal with approximate module left derivations and will investigate approximately linear left
derivations mapping into the Jacobson radical as in the above Brešar and Vukman’s result.
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In this section, R, Q and N will denote the set of the real, the rational and the natural numbers, respectively.
For the sake of convenience, we will use the same symbol ‖ · ‖ in order to represent the norms on a normed
algebra A and a normed A-moduleM. The operation · will represent the module multiplication onM
Theorem 2.1. Let A be a normed algebra and letM be a Banach left A-module. Suppose that f :A→M is a map
such that
∥∥f (x + y) − f (x) − f (y)∥∥ θ‖x‖p1‖y‖p2, (2.1)
∥∥f (xy) − x · f (y) − y · f (x)∥∥ ε‖x‖q1‖y‖q2 (2.2)
for some θ, ε  0 and some p1,p2, q1, q2 ∈ R such that p = p1 +p2 = 1, q = q1 + q2 = 2, and all x, y ∈A. If p < 1,
q < 2 or p > 1, q > 2, then there exists a unique module left derivation δ :A→M such that
∥∥f (x) − δ(x)∥∥ θ|2 − 2p| ‖x‖
p (2.3)
for all x ∈A.
Proof. Assume that p < 1, q < 2 or p > 1, q > 2. By the Rassias’ theorem [21], the inequality (2.1) guarantees that
there exists a unique additive map δ :A→M such that (2.3) holds for all x ∈A. We claim that
δ(xy) = x · δ(y) + y · δ(x)
for all x, y ∈ A. Set τ = 1 if p < 1, q < 2 and τ = −1 if p > 1, q > 2. Since δ is additive, we see that δ(x) =
2−τnδ(2τnx) for all x ∈A and all n ∈ N. First, it follows from (2.3) that
∥∥2−τnf
(
2τnx
)− δ(x)∥∥ = 2−τn∥∥f (2τnx)− δ(2τnx)∥∥
 2−τn θ|2 − 2p|
∥∥2τnx
∥∥p
= 2τn(p−1) θ|2 − 2p| ‖x‖
p
for all x ∈A and all n ∈ N. Since τ(p − 1) < 0, we have
∥∥2−τnf
(
2τnx
)− δ(x)∥∥ → 0 as n → ∞. (2.4)
Following the similar argument as the above, we obtain
∥
∥2−2τnf
(
22τnxy
)− δ(xy)∥∥ 2τ(p−1)n θ|2 − 2p| ‖xy‖
p
for all x ∈A and all n ∈ N, and so
∥∥2−2τnf
(
22τnxy
)− δ(xy)∥∥ → 0 as n → ∞. (2.5)
Since f satisfies (2.2), we get
∥∥2−2τnf
(
22τnxy
)− 2−τnx · f (2τny)− 2−τny · f (2τnx)∥∥
= 2−2τn∥∥f ((2τnx)(2τny))− 2τnx · f (2τny)− 2τny · f (2τnx)∥∥
 2−2τnε
∥∥2τnx
∥∥q1∥∥2τny
∥∥q2
= 2τn(q−2)ε‖x‖q1‖y‖q2
for all x, y ∈A and all n ∈ N. By reminding of τ(q − 2) < 0, we see that
∥∥2−2τnf
(
22τnxy
)− 2−τnx · f (2τny)− 2−τny · f (2τnx)∥∥ → 0 as n → ∞. (2.6)
Using (2.4)–(2.6) and considering the fact that M is a Banach left A-module, there exists a constant K > 0 such
that
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
∥∥δ(xy) − 2−2τnf (22τnxy)∥∥+ ∥∥2−2τnf (22τnxy)− 2−τnx · f (2τny)− 2−τny · f (2τnx)∥∥
+ ∥∥2−τnx · f (2τny)− x · δ(y)∥∥+ ∥∥2−τny · f (2τnx)− y · δ(x)∥∥

∥∥δ(xy) − 2−2τnf (22τnxy)∥∥+ ∥∥2−2τnf (22τnxy)− 2−τnx · f (2τny)− 2−τny · f (2τnx)∥∥
+ K‖x‖∥∥2−τnf (2τny)− δ(y)∥∥+ K‖y‖∥∥2−τnf (2τnx)− δ(x)∥∥ → 0 as n → ∞
which implies that δ(xy) = x · δ(y) + y · δ(x) for all x, y ∈A. That is, δ is a module left derivation, as claimed and
the proof is complete. 
LetA be an algebra. A leftA-moduleM is said to be unitary ifA has a unit element e and e ·u = u for all u ∈M.
Lemma 2.2. Let A be a unital normed algebra and let M be a unitary Banach left A-module. Suppose that
f :A → M is a map satisfying (2.1) and (2.2) for some θ, ε  0 and some p1,p2, q1, q2 ∈ R such that p =
p1 + p2 = 1, q1 = 1. If p,q1 < 1 or p,q1 > 1, then we have
f (rx) = rf (x)
for all x ∈A and all r ∈ Q \ {0}.
Proof. Let e be a unit element of A and r ∈ Q \ {0} arbitrarily. Put τ = 1 if p,q1 < 1 and τ = −1 if p,q1 > 1. Then
we see that τ(p − 1) < 0 and τ(q1 − 1) < 0. By Theorem 2.1, there exists a unique module left derivation δ :A→M
such that (2.3) is true. Recall that δ is additive, and hence it is easy to see that δ(rx) = rδ(x) for all x ∈A. Then we
get
∥∥δ
((
2τne
)
(rx)
)− r2τne · f (x) − rx · f (2τne)∥∥
 |r|∥∥δ(2τnex)− f (2τnex)∥∥+ |r|∥∥f (2τnex)− 2τne · f (x) − x · f (2τne)∥∥
for all x ∈A and all n ∈ N. Now the inequalities (2.2)–(2.4) yields that
∥∥δ
((
2τne
)
(rx)
)− r2τne · f (x) − rx · f (2τne)∥∥ |r| θ|2 − 2p|
∥∥2τnx
∥∥p + |r|ε∥∥2τne∥∥q1‖x‖q2
= 2τnp|r| θ|2 − 2p| ‖x‖
p + 2τnq1 |r|ε‖x‖q2 (2.7)
for all x ∈A and all n ∈ N.
It follows from (2.3) and (2.7) that
∥∥f
((
2τne
)
(rx)
)− r2τne · f (x) − rx · f (2τne)∥∥

∥∥f
((
2τne
)
(rx)
)− δ((2τne)(rx))∥∥+ ∥∥δ((2τne)(rx))− r2τne · f (x) − rx · f (2τne)∥∥
 θ|2 − 2p|
∥∥(2τne
)
(rx)
∥∥p + 2τnp |r| θ|2 − 2p| ‖x‖
p + 2τnq1 |r|ε‖x‖q2
= 2τnp θ|2 − 2p|
(|r|p + |r|)‖x‖p + 2τnq1ε|r|‖x‖q2
for all x ∈A and all n ∈ N. That is, we have
∥∥f
((
2τne
)
(rx)
)− r2τne · f (x) − rx · f (2τne)∥∥ 2τnp θ|2 − 2p|
(|r|p + |r|)‖x‖p + 2τnq1ε|r|‖x‖q2 (2.8)
for all x ∈A and all n ∈ N. From (2.2) and (2.8), we obtain
∥∥2τn
{
f (rx) − rf (x)}∥∥ = ∥∥2τne · {f (rx) − rf (x)}∥∥

∥∥2τne · f (rx) + rx · f (2τne)− f ((2τne)(rx))∥∥
+ ∥∥f ((2τne)(rx))− r2τne · f (x) − rx · f (2τne)∥∥
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∥∥2τne
∥∥q1‖rx‖q2 + 2τnp θ|2 − 2p|
(|r|p + |r|)‖x‖p + 2τnq1ε|r|‖x‖q2
= 2τnp θ|2 − 2p|
(|r|p + |r|)‖x‖p + 2τnq1ε(|r|q2 + |r|)‖x‖q2
for all x ∈A and all n ∈ N. This means that
∥∥f (rx) − rf (x)∥∥ 2τn(p−1) θ|2 − 2p|
(|r|p + |r|)‖x‖p + 2τn(q1−1)ε(|r|q2 + |r|)‖x‖q2 (2.9)
for all x ∈A and all n ∈ N. Since τ(p − 1) < 0, τ(q1 − 1) < 0 and r was arbitrary, if we take n → ∞ in (2.9), then
we arrive at
f (rx) = rf (x)
for all x ∈A and all r ∈ Q \ {0}. This completes the proof. 
Remark 2.3. If the module left derivation δ :A→M is linear in the proof of Lemma 2.2, then the same argument as
in the proof of Lemma 2.2 shows that
f (kx) = kf (x)
for all x ∈A and all k ∈ R \ {0}.
Our main result is as follows:
Theorem 2.4. Let A be a unital normed algebra and let M be a unitary Banach left A-module. Suppose that
f :A → M is a map satisfying (2.1) and (2.2) for some θ, ε  0 and some p1,p2, q1, q2 ∈ R such that p =
p1 + p2 = 1, q1 = 1. If p,q1 < 1 or p,q1 > 1, then f :A→M is a module left derivation.
Moreover, ifM=A is a semiprime unital Banach algebra and f (tx) is continuous in t ∈ R for each fixed x in A,
then f :A→A is a linear derivation which maps A into the intersection of its center Z(A) and its Jacobson radical
rad(A).
Proof. Let δ be a unique module left derivation as in Theorem 2.1. Put τ = 1 if p < 1 and τ = −1 if p > 1. Since
f (2τnx) = 2τnf (x) for all x ∈A and all n ∈ N by Lemma 2.2, it follows from (2.3) that
∥∥f (x) − δ(x)∥∥ = ∥∥2−τnf (2τnx)− 2−τnδ(2τnx)∥∥
 2−τn θ|2 − 2p|
∥∥2τnx
∥∥p
= 2τn(p−1) θ|2 − 2p| ‖x‖
p
for all x ∈A and all n ∈ N. Namely,
∥∥f (x) − δ(x)∥∥ 2τn(p−1) θ|2 − 2p| ‖x‖
p (2.10)
for all x ∈A and all n ∈ N. Since τ(p − 1) < 0, if we let n → ∞ in (2.10), then we conclude that f (x) = δ(x) for all
x ∈A which implies that f is a module left derivation.
LetM=A be a semiprime unital Banach algebra. Since f (tx) is continuous in t ∈ R for each fixed x inA, we see
that δ :A→A is linear as in the Rassias’ theorem [21], and thus f is a linear left derivation by Remark 2.3 and (2.10).
On the other hand, from Brešar and Vukman’s result [3, Proposition 1.6(ii)], we see that f is a linear derivation which
maps A into its center Z(A). Since Z(A) is a commutative Banach algebra, the Singer–Wermer conjecture tells us
that f|Z(A) maps Z(A) into rad(Z(A)) = Z(A)∩ rad(A) and therefore f 2(A) ⊆ rad(A). Utilizing the semiprimeness
of rad(A) as well as the identity
2f (x)yf (x) = f 2(xyx) − xf 2(yx) − f 2(xy)x + xf 2(y)x
for all x, y ∈ A, we obtain f (A) ⊆ rad(A), i.e., f is a linear derivation which maps A into the intersection of its
center Z(A) and its Jacobson radical rad(A). The proof is complete. 
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∥∥f (x + y) − f (x) − f (y)∥∥ θ‖x‖p1‖y‖p2,
∥∥f (xy) − xf (y) − yf (x)∥∥ ε‖x‖q1‖y‖q2
for some θ, ε  0 and some p1,p2, q1, q2 ∈ R such that p = p1 + p2 = 1, q1 = 1, and all x, y ∈A. If p,q1 < 1 or
p,q1 > 1 and f (tx) is continuous in t ∈ R for each fixed x in A, then f is identically zero.
The following is the Brešar and Vukman’s result [3, Theorem 2.1] for approximately linear left derivations.
Corollary 2.6. Let A be a unital Banach algebra. Suppose that f :A→A is a continuous map such that
∥∥f (x + y) − f (x) − f (y)∥∥ θ‖x‖p1‖y‖p2,
∥∥f (xy) − xf (y) − yf (x)∥∥ ε‖x‖q1‖y‖q2
for some θ, ε  0 and some p1,p2, q1, q2 ∈ R such that p = p1 + p2 = 1, q1 = 1, and all x, y ∈A. If p,q1 < 1 or
p,q1 > 1, then f maps A into its Jacobson radical rad(A).
Proof. Since f :A→A is continuous, we see that f (tx) is continuous in t ∈ R for each fixed x in A. Consequently,
f is a linear left derivation on account of Theorem 2.4. Hence f maps A into its Jacobson radical rad(A) by Brešar
and Vukman’s result [3, Theorem 2.1] which completes the proof. 
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